Zeroes of real polynomials on C(K) spaces  by Ferrer, Jesús
J. Math. Anal. Appl. 336 (2007) 788–796
www.elsevier.com/locate/jmaa
Zeroes of real polynomials on C(K) spaces ✩
Jesús Ferrer
Departamento de Análisis Matemático, Universidad de Valencia, Dr. Moliner, 50, 46100 Burjasot, Valencia, Spain
Received 1 February 2007
Available online 12 March 2007
Submitted by Richard M. Aron
Abstract
For a compact Hausdorff topological space K , we show that the function space C(K) must satisfy the
following dichotomy: (i) either it admits a positive definite continuous 2-homogeneous real-valued polyno-
mial, (ii) or every continuous 2-homogeneous real-valued polynomial vanishes in a non-separable closed
linear subspace. Moreover, if K does not have the Countable Chain Condition, then every continuous poly-
nomial, not necessarily homogeneous and with arbitrary degree, has constant value in an isometric copy
of c0(Γ ), for some uncountable Γ .
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
Throughout this paper all linear spaces to be considered are assumed to be defined over the
field R of real numbers. The symbols X, and X∗, will refer to a Banach space, and its topological
dual, respectively. Following the terminology introduced in [10], by CH , andW∗, we shall denote
the class formed by those Banach spaces which can be injected (i.e., there is a continuous one-
to-one linear map) into a Hilbert space, and the subclass formed by those that can be injected
into a separable Hilbert space, respectively. Notice that X in W∗ is equivalent to say that X∗ is
weak∗-separable. Also, as proved in [10], if Y is a closed linear subspace of X such that Y is
in W∗ and X/Y is in CH , then X is in CH . Thus obtaining that being in W∗ is a three-space
property.
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J. Ferrer / J. Math. Anal. Appl. 336 (2007) 788–796 789For a positive integer n, by P(nX), and Pw(nX), we represent the space of continuous n-
homogeneous real-valued polynomials on X, and the subspace formed by those polynomials
which are weakly continuous on the bounded subsets of X, respectively. By P(X) we shall
denote the space of continuous real-valued polynomials in X, i.e., any finite sum of continuous
homogeneous polynomials. Since it was shown in [14] that, in a complex Banach space of infinite
dimension, every continuous homogeneous polynomial has a zero-set that contains an infinite-
dimensional linear subspace, the validity of the analogous result for real spaces (obviously non-
true in general) has been studied in several particular situations. For instance, in [2, Theorem 1]
it is shown that, if X is not in CH , then every element of P(2X) admits an infinite-dimensional
linear subspace where it vanishes, and, in [2, Remark 3], the following conjecture is stated:
Conjecture. If X is a real Banach space such that X /∈ CH , then the zero-set of every quadratic
polynomial, i.e., an element of P(2X), contains a non-separable linear zero subspace.
In [5, Proposition 6], this conjecture is proved to be correct for spaces having the Controlled
Separable Projection Property (CSPP), a class which contains the Weakly Countably Determined
spaces. Let us recall that X has the CSPP whenever, if (xj ) and (x∗j ) are sequences in X and X∗,
respectively, there exists a norm-one projection on X with separable range containing (xj ) and
such that the range of its conjugate contains (x∗j ).
In [10], gaining a little more knowledge on the size of the zero-set, we showed that, for
X /∈ CH and X∗ ∈ CH (conditions satisfied by c0(Γ ), p(Γ ), 2 < p < ∞, Γ uncountable), if
P ∈ P(2X), then, since the Fréchet derivative P ′ :X → X∗ is a continuous linear map, Z :=
KerP ′ is a closed linear subspace contained in the zero-set P−1(0) such that Z /∈ W∗, i.e.,
P−1(0) contains a pretty big linear subspace. Throughout what follows, K stands for a compact
Hausdorff topological space. The aim of this paper is to see that in the class of C(K) spaces
the above stated conjecture holds. In such a way that, if K does not have the Countable Chain
Condition (CCC), then every continuous polynomial not necessarily homogeneous is constant
on a quite big closed linear subspace given by an isometric copy of the space c0(Γ ), for some
uncountable set Γ . In particular, since ∞/c0 can be regarded as the function space C(βN \N)
and the compact space βN \ N does not have the CCC, we obtain that continuous polynomials
on ∞/c0 must be constant on a copy of c0(Γ ), where Γ has the continuum cardinality.
It may be interesting to notice that ∞/c0 does not have the CSPP, in fact, it does not even
have the Separable Complementation Property, since, were E an infinite-dimensional separa-
ble complemented subspace of ∞/c0, then there would be a closed subspace F such that
E ⊕ F = ∞/c0; consequently, ∞ = π−1(E) + π−1(F ), where π :∞ → ∞/c0 is the canon-
ical projection, and π−1(E) ∩ π−1(F ) = c0; hence, since c0 is contained in the separable
infinite-dimensional subspace π−1(E), it follows that c0 is complemented in π−1(E), and thus
there is a closed separable infinite-dimensional subspace V such that π−1(E) = c0 ⊕ V ; so,
∞ = V ⊕π−1(F ), a contradiction, since the only infinite-dimensional complemented subspaces
of ∞ are those isomorphic to the whole space.
2. Zero-sets of polynomials on C(K), with K not having the CCC
In this section, we begin by showing that every n-homogeneous continuous polynomial
in c0(Γ ), where Γ is an uncountable set, admits a particular closed linear subspace containing an
isometric copy of the whole space where it vanishes. Let us recall that the (n − 1)-derivative of
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such that
P (n−1)(x) = n!Pˇ (x, ·, (n−1). . . , ·), x ∈ X,
where Ls(Xn−1) is the space of continuous symmetric (n − 1)-linear functionals on X and Pˇ is
the n-linear functional provided by the polarization formula, see [8].
Proposition 1. Given n ∈ N, if P ∈ P(nc0(Γ )), then KerP (n−1) contains an isometric copy
of c0(Γ ).
Proof. After [8, Exercise 1.72, p. 68], we know that Pw(nc0(Γ )) coincides with P(nc0(Γ )).
Hence, if P ∈ P(nc0(Γ )), again using [8, Proposition 2.6, p. 88], we have that the linear map
P (n−1) is weak-to-norm continuous on bounded sets from c0(Γ ) into Ls(c0(Γ )n−1).
For each m ∈N, we consider the set
Γm :=
{
γ ∈ Γ : ∥∥P (n−1)(eγ )∥∥ 1/m},
where eγ stands for the unit vector in c0(Γ ) corresponding to γ . We claim that Γm is finite,
otherwise there would be an infinite sequence (γj )∞j=1 contained in Γm; but, since P (n−1) is
weak-to-norm continuous on bounded sets, and the sequence (eγj )∞j=1 is weakly null in c0(Γ ),
this would yield
lim
j
∥∥P (n−1)(eγj )
∥∥= 0,
a contradiction. Consequently, the set
Γ0 :=
{
γ ∈ Γ : P (n−1)(eγ ) 	= 0
}=
∞⋃
m=1
Γm
is countable. Thus, if E denotes the closed linear span of {eγ : γ ∈ Γ \ Γ0} in c0(Γ ), it clearly
follows that E is isometric to c0(Γ ). Besides, if γ ∈ Γ \ Γ0, we have P (n−1)(eγ ) = 0, from
where we deduce that, since P (n−1) is linear, E ⊂ KerP (n−1). 
In the coming result it is convenient to observe that, for P ∈ P(nX), the linear subspace
KerP (n−1) is always contained in the zero-set P−1(0).
Corollary 1. Let Γ be an uncountable set. If P ∈ P(c0(Γ )), then there is a closed linear sub-
space E of c0(Γ ) such that P|E = P(0) and E is isometric to c0(Γ ).
Proof. Let P = P(0) +∑mk=1 Pk , where Pk ∈ P(k(c0(Γ ))), 1 k m. From the proof of the
former proposition, for each k = 1,2, . . . ,m, there is a countable set Γk contained in Γ such that,
if Ek is the closed linear span of {eγ : γ ∈ Γ \ Γk}, then Pk|Ek = 0. Setting Γ0 :=
⋃m
k=1 Γk , we
have that, if E is the closed linear span of {eγ : γ ∈ Γ \Γ0}, then P|E = P(0), and E is isometric
to c0(Γ ). 
After the former corollary, making use of the Principle of Analytic Continuation, the next
corollary also obtains.
Corollary 2. Every real-valued analytic function on c0(Γ ) admits a closed linear subspace iso-
metric to c0(Γ ) where it has constant value.
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the well-known fact, see [8, Exercise 1.72] and [12, Theorem 1], that any continuous polynomial
on c0(Γ ) factors through c0(Γ ′) with Γ ′ countable.
The following result can be found in [15, Theorem 4.5], we include it here for the sake of
completeness and also because condition (iv) is not stated there. In [1, Theorem 1.7], this result
is generalized as to obtain a characterization of when an infinite-dimensional complemented
subspace of C(K) contains an isomorphic copy of c0(Γ ).
Proposition 2. Let K be a compact Hausdorff topological space. The following conditions are
equivalent:
(i) C(K) contains a non-separable weakly compact subset.
(ii) K does not satisfy the CCC.
(iii) C(K) contains an isometric copy of c0(Γ ), for some uncountable Γ .
(iv) There is an uncountable set Γ such that there is a one-to-one bounded linear map
from c0(Γ ) into C(K).
Proof. (i) ⇒ (ii). Let W be a weakly compact non-separable subset of C(K), which we may
assume to be absolutely convex. By a result of Corson, see [13], W contains a subset which
is homeomorphic, in its weak topology, to the one-point compactification of an uncountable
discrete set and we may thus find an uncountable subset W0 ⊂ W \ {0} such that every se-
quence of distinct elements of W0 is weakly-null. There is clearly some δ > 0 such that the
set W1 := {x ∈ W0: ‖x‖ > δ} is uncountable. For each x ∈ W1, let Vx := {t ∈ K: |x(t)| > δ/2}.
Then, if (xj )∞j=1 is a sequence of distinct elements of W1, it follows that
⋂∞
j=1 Vxj = ∅, other-
wise, since xj → 0 weakly, this would imply that limj xj (t) = 0, for all t ∈ K , in particular,
if t ∈ ⋂∞j=1 Vxj , this would lead to a contradiction. Hence, we have an uncountable collec-
tion {Vx : x ∈ W1} of non-empty open subsets of K such that for all sequences (Vxj )∞j=1 of
distinct terms the intersection of its members is empty; as shown in [15, Lemma 4.2] this is a
sufficient condition for K not to satisfy the CCC.
(ii) ⇒ (iii). Let (Vγ )γ∈Γ be an uncountable collection of pairwise disjoint non-empty open
subsets of K . For each γ ∈ Γ , we find a function xγ ∈ C(K) such that ‖xγ ‖ = 1 and xγ (t) = 0,
t ∈ K \ Vγ . Thus, if E denotes the closed linear span of {xγ : γ ∈ Γ } in C(K), it is clear that
E is isometric to c0(Γ ).
(iii) ⇒ (iv) being obvious, we see that (iv) ⇒ (i).
Let Γ be an uncountable set and T : c0(Γ ) → C(K) a one-to-one bounded linear map. Then,
it is clear that the set
{T eγ : γ ∈ Γ } ∪ {0}
is weakly compact and non-separable in C(K). 
Corollary 3. Let K be a compact space not satisfying the CCC. For any positive integer n,
every continuous n-homogeneous real-valued polynomial on C(K) vanishes in an isometric copy
of c0(Γ ), for some uncountable Γ .
Proof. By the previous proposition, there is an uncountable set Γ and a linear isome-
try T : c0(Γ ) → C(K). For any polynomial P ∈ P(nC(K)), we have that Q := P ◦ T is
in P(nc0(Γ )). Thus, after Corollary 1, there is a closed linear subspace E of c0(Γ ) such that it
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of C(K) which is isometric to c0(Γ ) and where P vanishes. 
Corollary 4. If K does not satisfy the CCC, then every analytic real-valued function on C(K)
has constant value in an isometric copy of c0(Γ ), for some uncountable Γ .
As recalled before, ∞/c0 is isometric to C(βN \ N). Since it is well known that there is a
family, with the continuum cardinality, of infinite subsets of N such that any two distinct members
meet only in a finite set, see [11, p. 315], it follows that βN \ N does not have the CCC, so the
next result obtains.
Corollary 5. Every analytic real-valued function on ∞/c0 is constant in an isometric copy
of c0(Γ ), Γ having the continuum cardinality.
Related with the results of [9], we obtain a quite big non-separable linear subspace inside the
zero-set of continuous homogeneous polynomials on ∞ satisfying a stronger condition.
Corollary 6. For every positive integer n, if P ∈ P(n∞) is such that KerP (n−1) contains c0,
then there is a closed linear subspace Z of ∞ such that c0 ⊂ Z ⊂ P−1(0) and Z/c0 is isometric
to c0(Γ ), Γ with the continuum cardinality.
Proof. If P ∈ P(n∞) is such that c0 ⊂ KerP (n−1), then the function P˜ :∞/c0 → R such that
P˜ (x + c0) := P(x), x ∈ ∞, defines a continuous n-homogeneous polynomial on ∞/c0. Hence,
after the previous corollary, there is a closed linear subspace E of ∞/c0 such that E ⊂ P˜−1(0)
and E is isometric to c0(Γ ), Γ having the continuum cardinality. Consequently, Z := π−1(E)
satisfies our statement. 
3. Zero-sets of quadratic polynomials on C(K)
As said in the first section, the spaceability of the set of zeroes of continuous polynomials on
Banach spaces, i.e., the problem of finding (if there is any) a linear subspace of infinite dimension
contained in the zero-set of a given polynomial, has been subject of research for a number of
authors. For instance, we showed in [10] that in a real Banach space whose dual is not weak∗-
separable every polynomial, homogeneous or not, which is weakly continuous on the bounded
sets must vanish in a closed linear subspace whose dual is neither weak∗-separable.
Also, the problem of knowing whether a continuous homogeneous polynomial of odd degree
in a real Banach space should vanish in an infinite-dimensional linear subspace has been some-
what longstanding (see [3]) until just recently, when it has been shown in [4] that every real space
whose dual is weak∗-separable admits a continuous polynomial of any odd degree such that its
zero-set contains only finite-dimensional linear subspaces.
Concerning homogeneous polynomials with even degree, since there are trivial examples of
such polynomials in certain spaces whose zero-set is quite small, the problem of the spaceability
of the zero-set of those polynomials requires a different treatment. In particular, for quadratic
polynomials, in [5, Remark 3] it is seen that the following 3-space problem is a sufficient condi-
tion for the conjecture stated in Section 1 to be true:
3-Space problem. Let X be a real Banach space of infinite dimension. If Y is a closed linear
subspace such that X/Y is injected (there is a one-to-one bounded linear map) into a separable
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follow that X is also injected into some Hilbert space?
For the sake of commodity, we introduce the following class of spaces, already introduced
in [10], clearly disjoint with CH : We say that X is in class C′H whenever, for every sequence
(u∗j )∞j=1 ⊂ X∗, the subspace
⋂∞
j=1 Keru∗j does not belong to class CH . Then let us recall that the
3-space problem stated above has the following equivalent formulation: “If X is not in class CH ,
is it necessary that X belong to C′H ?, i.e., do the classes ¬CH and C′H coincide?”
In this section, we start showing that this problem has an affirmative answer in the class
of C(K) spaces. Later, recalling first that a quadratic polynomial is said to be positive definite
whenever it has positive value on every non-zero vector, we use this to prove that the conjecture
stated in Section 1 holds for C(K) spaces, i.e., the following dichotomy result is true:
If K is a compact Hausdorff topological space, then, either C(K) admits a positive def-
inite continuous 2-homogeneous polynomial, or every continuous 2-homogeneous polynomial
on C(K) vanishes in a non-separable closed linear subspace.
The following result has a straightforward proof, see [10].
Lemma 1. For an uncountable set Γ , the spaces c0(Γ ), p(Γ ), 2 < p ∞, do not belong to
the class CH .
Proposition 3. If X is a Banach space such that, for some uncountable Γ , either c0(Γ ), or
p(Γ ), 2 < p < ∞, is injected into X, then X belongs to the class C′H .
Proof. Let T : c0(Γ ) → X be a one-to-one bounded linear map (an analogous proof works for
the case of p(Γ ) injected into X). Let (u∗j )∞j=1 be a sequence in X∗ and let Y :=
⋂∞
j=1 Keru∗j .
As we have already seen before in similar situations, it can be seen that, for each positive inte-
ger m, and j  1, the set
Γm,j :=
{
γ ∈ Γ : ∣∣〈u∗j , T eγ
〉∣∣> 1/m}
is finite, and so, for each j  1, the set
Γ0,j :=
{
γ ∈ Γ : 〈u∗j , T eγ
〉 	= 0}
is countable. Hence, the set Γ0 := Γ \⋃j1 Γ0,j has the same cardinality as Γ and we have that,
T eγ ∈ Y , γ ∈ Γ0. Denoting by E the closed linear span of {eγ : γ ∈ Γ0}, we obtain an isometric
copy of c0(Γ ) which is injected into Y . After the previous lemma, this implies that Y cannot be
in CH . 
From Propositions 2 and 3 the coming result obtains.
Corollary 7. If K does not have the CCC, then C(K) belongs to the class C′H .
Consequently, for α being any uncountable ordinal, the space C[1, α] is in C′H . Also, since it
was shown in [6] that ∞/c0 admits no equivalent rotund norm, after [7, Theorem 2.4, p. 46] it
follows that ∞/c0 does not belong to CH ; but we can still say more, after the previous corollary
we have that ∞/c0 = C(βN \N) belongs to the class C′H .
Combining the results in [2, Proposition 2] and [2, Corollary 3] we obtain the following one.
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1. X ∈ CH .
2. There is a positive definite 2-homogeneous continuous polynomial on X.
3. If X = C(K), K carries a strictly positive measure (a non-negative regular finite Borel
measure which has positive value on every non-empty open subset).
The next result shows why an affirmative answer to the 3-space problem before stated would
be sufficient to solve the conjecture positively. Although we already gave a proof in [10], we
reproduce it for the sake of completeness.
Proposition 4. Let X be in class C′H . Then, if P ∈ P(2X), every maximal linear subspace con-
tained in P−1(0) is non-separable.
Proof. Let P ∈ P(2X). Let Z be a maximal linear subspace contained in P−1(0), whose exis-
tence is guaranteed by Zorn’s Lemma. We show that Z is non-separable. If this were not so, since
the Fréchet derivative P ′ :X → X∗ is a bounded linear map, setting Y := {x ∈ X: 〈P ′(z), x〉 = 0,
z ∈ Z}, it follows that (X/Y )∗ = Y⊥ = P ′(Z)w∗ is weak∗-separable, i.e., Y is a countable inter-
section of closed hyperplanes. Hence, X ∈ C′H implies that Y /∈ CH . But, from the maximality
of Z, it is easy to see that Y ∩ P−1(0) = Z and that P does not change sign in Y ; thus, defining
Q(y +Z) := P(y), y ∈ Y , we obtain a quadratic polynomial in Y/Z such that either Q, or −Q,
is positive definite. From the above lemma, this implies that Y/Z ∈ CH , and, since Z ∈W∗, after
the 3-space result obtained in [10, Proposition 4], it follows that Y ∈ CH , a contradiction. 
If A is a subset of the compact space K , then by CA(K) we denote the closed linear subspace
of C(K) formed by those functions which vanish in A.
Proposition 5. For a compact Hausdorff topological space K , if Y is a closed linear subspace
of C(K) such that C(K)/Y ∈W∗ and Y ∈ CH , then C(K) ∈ CH .
Proof. Let Y be a closed linear subspace of C(K) such that it satisfies the conditions of our
statement. Since (C(K)/Y )∗ = Y⊥ is weak∗-separable, there is a sequence (μj )∞j=1 contained
in C(K)∗, which, after Riesz’s theorem, we identify with M(K), the space of regular finite Borel
measures in K , such that Y =⋂∞j=1 Kerμj . In light of Jordan’s decomposition theorem, there is
no loss of generality in assuming that those measures are probabilities on K .
We show first that K must have the Countable Chain Condition (CCC, for short). Otherwise,
after Proposition 2, C(K) would contain a copy (isometrically indeed) of c0(Γ ), for some un-
countable set Γ . Thus, let S : c0(Γ ) → C(K) be such isometry (what we need really is that S is
weakly continuous and one-to-one). Then setting, for each pair of positive integers j,m,
Γjm :=
{
γ ∈ Γ : ∣∣〈μj ,Seγ 〉∣∣> 1/m},
where eγ stands for the corresponding unit vector of c0(Γ ), it is clear that Γjm must be a finite
set. Hence, the set Γ0 :=⋃j,m Γjm is countable and the closed linear span of {Seγ : γ ∈ Γ \Γ0}
is contained in Y . This implies that a copy of c0(Γ \Γ0) would be injected into Y , a contradiction,
since, after Lemma 1, c0(Γ \ Γ0) /∈ CH .
Let K0 :=⋃∞j=1 suppμj . Then, it is easy to see that K0 carries a strictly positive measure and
so, after Lemma 2, C(K0) ∈ CH . Let H1 be a Hilbert space and T1 be a one-to-one bounded linear
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of zero-sets of elements of C(K), is a base for the open sets in K , Zorn’s Lemma guarantees the
existence of a maximal collection of pairwise disjoint cozero sets contained in K \K0 (we assume
that K \ K0 	= ∅, otherwise C(K) ∈ CH ). Now, the CCC forces this collection to be a countable
one, so let (Vj )∞j=1 represent this maximal collection. Clearly, if we set V :=
⋃∞
j=1 Vj , then
V ⊂ K \ K0 ⊂ V .
Since V is also a cozero set, let ϕ be a continuous real-valued function such that ϕ−1(0) =
K \ V . Observing that CK\V (K) ⊂ CK0(K) ⊂ Y , we have that CK\V (K) ∈ CH . And so, there is
a Hilbert space H2 and a one-to-one bounded linear map T2 from CK\V (K) into H2. Let H be
the Hilbert space given by the product H1 × H2. We define the map T :C(K) → H as
T x := (T1(x|K0), T2(xϕ)
)
.
Then, it can be easily verified that T is well defined, as well as that it is linear and bounded.
We see that it is one-to-one: If T x = 0, then, since KerT1 = {0}, we have that x vanishes in K0;
also, KerT2 = {0} implies that xϕ = 0 and so x must also vanish in V ⊃ K \ K0; hence, x = 0.
Therefore, C(K) ∈ CH . 
Corollary 8. For a compact Hausdorff topological space K , the following statements are equiv-
alent:
1. K does not carry a strictly positive measure.
2. C(K) is not injected into a Hilbert space.
3. For every closed linear subspace Y of C(K) such that C(K)/Y ∈ W∗, it follows that
Y /∈ CH , i.e., C(K) ∈ C′H .
4. For every continuous 2-homogeneous polynomial on C(K), its zero-set contains a non-
separable linear subspace.
Proof. 1 ⇒ 2 follows straightforward from Lemma 2. After the previous proposition we have
2 ⇒ 3. Proposition 4 shows that 3 ⇒ 4. 4 ⇒ 1 is a consequence of Lemma 2. 
We finish by recalling that two more equivalent statements could be added onto the ones of
last corollary. First, from [15, Theorem 4.5], that C(K)∗ admits no weakly compact total subset.
Second, from [16, Theorem 1], that C(K) admits no pointwise uniformly rotund renorming.
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